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1 Introduction

The AdS/CFT correspondence [1–4] has given rise to increasing interest in the study of

gravity theory in asymptotically AdS3 spacetime. In three dimensions, the Riemann tensor

can be fully determined by the Ricci tensor and there are no locally propagating degrees of

freedom in pure gravity theory. However, with a negative cosmological constant black hole

solutions [5] can be found which obey the laws of black hole thermodynamics and posses

a nonzero entropy. For pure gravity in AdS3 the CFT dual of this quantum gravity has

been identified in [6, 7]. More discussions on AdS3/CFT2 correspondence can be found

in [8–18].

To develop further understanding to quantum gravity on asymptotically AdS3 space-

time, a deformation of pure Einstein gravity theory named topological massive grav-

ity [19, 20] with a negative cosmological constant has been studied [21]. In this topological

massive gravity with a negative cosmological constant, it was conjectured that there exists

a chiral point at which the theory becomes chiral with only right-moving modes. Later it

was proved that it is indeed chiral at the critical point [22, 23]. More discussions on this

theory can be found in [24–39].

Recently in [40] a new kind of massive gravity has been discovered in three dimensions.

In this new massive gravity, higher derivative terms are added to the Einstein Hilbert action

and unlike in topological massive gravity, parity is preserved in this new massive gravity.

This new massive gravity is equivalent to the Pauli-Fierz action for a massive spin-2 field

at the linearized level in asymptotically Minkowski spacetime. In [41], the unitarity of this

new massive gravity was examined and this new massive gravity is generalized to higher

dimensions, but the unitarity is violated in higher dimensions. Warped AdS black hole

solutions for this new massive gravity with a negative cosmological constant have been

found in [42].
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In this paper we study the behavior of the linearized gravitational excitations of this

new massive gravity with a negative cosmological constant in the background of AdS3

spacetime with Brown-Henneaux boundary conditions. We find that similar to gravitons in

topological massive gravity in AdS3 background, we also have a critical value of the mass

parameter at which massive gravitons become massless. However, in this new massive

gravity, the energy of both highest weight massless and massive gravitons are all zero

and the central charge is also zero at the critical point. As long as the Brown-Henneaux

boundary conditions can be consistent with this theory, the theory looks trivial at the

critical point. But we need further studies on the consistency of the Brown-Henneaux

boundary condition and the conserved charges associated with the symmetry.

In the remainder of this paper, we will first review the new massive gravity with a

negative cosmological constant and write out the central charge in section2. In section3

we will calculate the behavior of the linearized gravitational excitations around AdS3. In

section4 we show that to have an AdS3 vacuum we can only have a critical value of the

mass parameter but at this special point the theory seems to be trivial. Section5 is devoted

to conclusions and discussions.

2 The new massive gravity theory

In this section we review the basics of the new massive gravity with a negative cosmological

constant. The action of the new massive gravity theory can be written as1[40]

I =
1

16πG

∫

d3x
√−g

[

R− 2λ− 1

m2
K

]

, (2.1)

where

K = RµνRµν − 3

8
R2, (2.2)

m is the mass parameter of this massive gravity and λ is a constant which is different from

the cosmological constant. The Einstein equation of motion of this action is

Gµν + λgµν − 1

2m2
Kµν = 0 (2.3)

where

Kµν = −1

2
∇2Rgµν −

1

2
∇µ∇νR+ 2∇2Rµν + 4RµανβR

αβ − 3

2
RRµν −RαβR

αβgµν +
3

8
R2gµν .

(2.4)

One special feature of this choice of K is that gµνKµν = K.

To have an asymptotically AdS3 solution, we have to introduce a non-zero λ. For an

AdS3 solution

ds2 = ḡµνdx
µdxν = ℓ2

(

− cosh2 ρdτ2 + sinh2 ρdφ2 + dρ2
)

(2.5)

1 We take the metric signature(-,+,+) and follow the notation and conventions of MTW [46]. We assume

m
2

> 0 and G is the three dimensional Newton constant which is positive here.
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with an AdS radius ℓ which is related to the cosmological constant Λ by

ℓ−2 = −Λ, (2.6)

the Riemann tensor, Ricci tensor and Ricci scalar of the AdS3 are

R̄µανβ = Λ(ḡµν ḡαβ − ḡµβ ḡαν), R̄µν = 2Λḡµν , R̄ = 6Λ, (2.7)

and Kµν = −1/2Λ2gµν . Thus the λ in the action should be related to the cosmological

constant Λ and the mass parameter by

m2 =
Λ2

4(−λ+ Λ)
. (2.8)

Note here for a given λ < 0, there can be both AdS and de-Sitter solutions to this action.

We only focus on the AdS solution.

The metric has an isometry group SL(2, R)L × SL(2, R)R. The SL(2, R)L generators

are [21]

L0 = i∂u, (2.9)

L−1 = ie−iu

[

cosh 2ρ

sinh 2ρ
∂u − 1

sinh 2ρ
∂v +

i

2
∂ρ

]

, (2.10)

L1 = ieiu
[

cosh 2ρ

sinh 2ρ
∂u − 1

sinh 2ρ
∂v −

i

2
∂ρ

]

, (2.11)

where u ≡ τ + φ, v ≡ τ − φ. The SL(2, R)R generators {L̄0, L̄±1} are given by the above

expressions with u↔ v. The central charge of this gravity theory in asymptotically AdS3

spacetime can be calculated using the formula [18, 43–45]

c =
ℓ

2G
ḡµν

∂L
∂Rµν

, (2.12)

where L is the Lagrangian density, to be

c =
3ℓ

2G

(

1 − 1

2m2ℓ2

)

. (2.13)

Unlike topological massive gravity, because we have no Chern-Simons term here the left

moving and right moving central charges are equal and we have

cL = cR =
3ℓ

2G

(

1 − 1

2m2ℓ2

)

. (2.14)

We can calculate the entropy of BTZ black holes using Cardy formula as in [21] and we

find that the entropy obtained from the Cardy formula is just the same as the one obtained

in [42] using Wald’s formula. In order to get a non-negative central charge we need to set

m2ℓ2 ≥ 1/2. Here we see that m2 < 0 can also give positive central charge and entropy.

However, in the next section we will see that m2 < 0 is not allowed. The mass of the BTZ

black hole is also non-negative in this parameter region as can be found in [42].

– 3 –
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3 Gravitons in AdS3

In this section we analyze the behavior of linearized gravitational excitations on the back-

ground AdS3 spacetime in this new massive gravity theory.

3.1 The equation of motion for graviton

We first give the equation of motion for gravitons in this subsection. By expanding

gµν = ḡµν + hµν (3.1)

with hµν small, we have the following physical quantities to the leading order

Γλ(1)
µν =

1

2
ḡλα

(

∇̄µhαν + ∇̄νhµα − ∇̄αhµν

)

, (3.2)

Rλ(1)
ρνµ =

1

2
ḡλα

(

∇̄ν∇̄µhαρ + ∇̄ν∇̄ρhµα − ∇̄ν∇̄αhµρ) − (µ↔ ν
)

, (3.3)

R(1)
µν =

1

2

(

−∇̄2hµν − ∇̄µ∇̄νh+ ∇̄σ∇̄νhσµ + ∇̄σ∇̄µhσν

)

, (3.4)

R(1) ≡ (Rµνg
µν)(1) = −∇̄2h+ ∇̄µ∇̄νh

µν − 2Λh, (3.5)

(∇µ∇νR)(1) = ∇̄µ∇̄νR
(1), (3.6)

(∇α∇βRµν)
(1) = ∇̄α∇̄βR

(1)
µν − 2Λ∇̄α∇̄βhµν . (3.7)

Substituting these quantities to the equation of motion (2.3), we have the equation of

motion for graviton hµν to be

G(1)
µν + λhµν − 1

2m2
K(1)

µν = 0, (3.8)

where

G(1)
µν = R(1)

µν − 1

2
ḡµνR

(1) − 3Λhµν , (3.9)

K(1)
µν = −1

2
∇̄2R(1)ḡµν − 1

2
∇̄µ∇̄νR

(1) + 2∇̄2R(1)
µν − 4Λ∇̄2hµν

−5ΛR(1)
µν +

3

2
ΛR(1)ḡµν +

19

2
Λ2hµν . (3.10)

Taking the trace of the equation of motion by multiplying ḡµν on both sides, we obtain

R(1) = 0. (3.11)

Then we fix the gauge as it was done in [21]. We define h̃µν ≡ hµν − ḡµνh, which gives

h̃ = −2h and

hµν = h̃µν − 1

2
ḡµν h̃, (3.12)

R(1) = ∇̄µ∇̄ν h̃
µν + Λh̃ = 0. (3.13)

Thus the gauge

∇̄µh̃
µν = 0 (3.14)
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together with the linearized equation of motion implies tracelessness of hµν : h̃ = −2h = 0.

This gauge is equivalent to the harmonic plus traceless gauge ∇̄µh
µν = h = 0.

Noting that
[

∇̄σ, ∇̄µ

]

hσ
ν = 3Λhµν − Λhgµν (3.15)

and imposing the gauge condition, we obtain

R(1)
µν =

1

2

(

−∇̄2hµν + 6Λhµν

)

. (3.16)

By using R(1) = 0 and gauge fixing conditions ∇̄µh
µν = h = 0, we reach the following

simplified equation for graviton hµν :

G(1)
µν + λhµν − 1

2m2
K(1)

µν = 0, (3.17)

with

G(1)
µν = R(1)

µν − 3Λhµν = −1

2
∇̄2hµν , (3.18)

K(1)
µν = −∇̄2∇̄2hµν +

9

2
Λ∇̄2hµν − 11

2
Λ2hµν . (3.19)

Thus the equation of motion for graviton could be factorized as

[

∇̄2 −
(

m2 +
5Λ

2

)]

[

∇̄2 − 2Λ
]

hµν = 0. (3.20)

From the equation of motion above, we can easily see that there are two branches of

solutions. The first is
[

∇̄2 − 2Λ
]

hµν = 0, (3.21)

which corresponds to the modes of the left and right moving massless gravitons, and the

second one is
[

∇̄2 −
(

m2 +
5Λ

2

)]

hµν = 0, (3.22)

which corresponds to massive sectors of gravitons. To have a non-negative mass, we also

need to have m2ℓ2 ≥ 1/2 which coincides with the condition needed to ensure a non-

negative central charge. To give a positive mass of the gravitons, m2 < 0 is not allowed.

It can be seen that when m2ℓ2 = 1/2, the massive sector of gravitons becomes massless. It

is very similar to chiral gravity at the critical point. In the next subsection we will solve

the equation of motion of gravitons.

3.2 Solutions of gravitons

Using the expressions of the generators of the isometry group SL(2, R)L × SL(2, R)R of

AdS3, we could easily simplify the equation of motion for gravitons using

∇̄2hµν = −
[

2

ℓ2
(

L2 + L̄2
)

+
6

ℓ2

]

hµν (3.23)
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to be
[

− 2

ℓ2
(

L2 + L̄2
)

− 7

2ℓ2
−m2

] [

1

ℓ2
(

L2 + L̄2
)

+
2

ℓ2

]

hµν = 0 . (3.24)

We follow [21] to classify the solutions of (3.20) using the SL(2, R)L × SL(2, R)R algebra.

Considering highest weight states with weight (h, h̄) and using L2|ψµν〉 = −h(h− 1)|ψµν〉,
we obtain

[

2h(h− 1) + 2h̄(h̄− 1) − 7

2
−m2ℓ2

]

[

h(h− 1) + h̄(h̄− 1) − 2
]

= 0, h− h̄ = ±2 (3.25)

for the highest weight states. There are two branches of solutions for this equation. The

first one is the massless one h(h− 1) + h̄(h̄− 1) − 2 = 0, which gives

h =
3 ± 1

2
, h̄ =

−1 ± 1

2
or h =

−1 ± 1

2
, h̄ =

3 ± 1

2
. (3.26)

The solutions with the lower sign will blow up at infinity as argued in [21], so we will only

keep the upper ones corresponding to weights (2, 0) and (0, 2). We will refer to these as

left and right-moving massless gravitons.

The second branch has 2h(h − 1) + 2h̄(h̄− 1) − 7
2 −m2ℓ2 = 0, which gives

h =
6 ±

√
2 + 4m2ℓ2

4
, h̄ =

−2 ±
√

2 + 4m2ℓ2

4
(3.27)

or

h =
−2 ±

√
2 + 4m2ℓ2

4
, h̄ =

6 ±
√

2 + 4m2ℓ2

4
. (3.28)

The solutions with the lower sign will also blow up at the infinity, so we will only keep

the ones with the upper sign which correspond to weights
(

6+
√

2+4m2ℓ2

4 , −2+
√

2+4m2ℓ2

4

)

and
(

−2+
√

2+4m2ℓ2

4 , 6+
√

2+4m2ℓ2

4

)

. We refer to these modes as massive gravitons. Here

we should also have m2ℓ2 ≥ 1/2 in order that there is no blow up at the infinity. The

point m2ℓ2 = 1/2 is very interesting, because the massive gravitons become massless at

this point.2

4 Positivity of energy

In this section, we follow the method of [21] to calculate the energy of the linearized

gravitons in AdS3 background. We assume Brown-Henneaux boundary conditions [47] in

the following calculation. However, the consistency of this kind of condition with the new

massive gravity still needs to be further confirmed.

The fluctuation hµν can be decomposed as

hµν = hM
µν + hm

µν , (4.1)

2At this critical point, there can be other solutions [26] of the graviton which, however, do not obey the

Brown-Henneaux boundary conditions [35, 38, 39]. We would like to thank Wei Song for pointing this out

to us.
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and here we use ”M” to denote ”massive” modes and ”m” to denote ”massless” modes.

Up to total derivatives, the quadratic action of hµν can be written as

S2 = − 1

32πG

∫

d3x
√−ḡhµν

(

G(1)
µν + λhµν − 1

2m2
K(1)

µν

)

(4.2)

= − 1

32πG

∫

d3x
√−ḡ

{

1

2m2
∇̄2hµν∇̄2hµν +

(

1

2
− 9

4m2ℓ2

)

∇̄λhµν∇̄λhµν

+

(

11

4m2ℓ4
+ λ

)

hµνhµν

}

.

The momentum conjugate to hµν is

Π(1)µν =

√−ḡ
32πG

{

1

m2
∇̄0∇̄2hµν −

(

1 − 9

2m2ℓ2

)

∇̄0hµν

}

, (4.3)

and using the equations of motion we can have

Π(1)µν
m = −

√−ḡ
32πG

(

1 − 5

2m2ℓ2

)

∇̄0hµν
m , (4.4)

Π
(1)µν
M =

√−ḡ
32πG

(

2

m2ℓ2

)

∇̄0hµν
M . (4.5)

Because we have up to four time derivatives in the Lagrangian, using the Ostrogradsky

method [21, 48] we should also introduce Kµν ≡ ∇̄0hµν as a canonical variable, whose

conjugate momentum is

Π(2)µν = −
√−ḡ
32πG

ḡ00

m2
∇̄2hµν , (4.6)

and again using equations of motion we can have

Π(2)µν
m =

√−ḡ
32πG

2ḡ00

m2ℓ2
hµν

m , (4.7)

Π
(2)µν
M = −

√−ḡḡ00

32πG

(

1 − 5

2m2ℓ2

)

hµν
M . (4.8)

The Hamiltonian is then expressed using these variables to be

H =

∫

d2x
(

ḣµνΠ(1)µν + K̇µνΠ(2)µν − L
)

. (4.9)

After substituting the equations of motion of the highest weight states, we can have

the energies as follows

Em = −
(

1 − 1

2m2ℓ2

)
∫

d2x

√−ḡ
32πG

{

∇̄0hµν
m ḣmµν

}

, (4.10)

EM =

(

1 − 1

2m2ℓ2

)
∫

d2x

√−ḡ
32πG

{

∇̄0hµν
M ḣMµν

}

. (4.11)

By plugging in the solutions of highest weight gravitons [21] with our (h, h̄) into the

above expression, we find that for the massless modes hm
µν , the energy is positive for m2ℓ2 >

– 7 –
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1/2 and negative for m2ℓ2 < 1/2; for the massive modes hM
µν , the energy is positive for

m2ℓ2 < 1/2 and negative for m2ℓ2 > 1/2. The same as in chiral gravity, to have an

asymptotically AdS3 vacuum, we can only have m2ℓ2 = 1/2. However, at this point,

the energies of both highest weight massless and massive modes are zero, and both the

left moving and right moving central charges are zero. This can be seen as a sign that

the new massive gravity in asymptotically AdS3 may be trivial at this critical point and

both the massless and massive gravitons can be viewed as pure gauge in the framework of

Brown-Henneaux boundary conditions. If they are not pure gauge, the AdS3 vacuum at

this critical point is not stable.

However, there are several points to note here. First, we have assumed the Brown-

Henneaux boundary conditions through the calculations, but the consistency of these con-

ditions with the new massive gravity still need to be confirmed, as it has been done in [25]

for topological massive gravity with a negative cosmological constant. Also even if the con-

sistency is satisfied we still need to calculate the conserved charges to see if the charges are

all zero at the critical point. Second, even if the above argument is satisfied, this does not

mean that the new massive gravity with a negative cosmological constant is trivial because

we may still have another stable vacuum which is not AdS3 for other values of the mass

parameter, like the warped AdS3 black holes in topological massive gravity. Also there

may be other ways to calculate the energy of the gravitons which do not give this result.

5 Conclusion and discussion

In this note, we studied the new massive gravity theory in asymptotically AdS3 spacetime,

and found that this theory could only be sensible at m2ℓ2 = 1/2 in order to have an AdS3

vacuum. However, at this special point, the energies of both the highest weight massless

and massive modes are zero, and both the left moving and right moving central charges are

zero. The new massive gravity in asymptotically AdS3 may be trivial at this critical point

in the sense of the Brown-Henneaux boundary conditions. At this point, the boundary

conditions of log gravity [26, 35, 38, 39] may be preferred and give interesting results.

In the calculations we have assumed the Brown-Henneaux boundary conditions, but

we need to further analyze the consistency of the boundary condition with the new massive

gravity. Also we need to check if the conserved charges are zero at the critical point. Even

if this theory is indeed trivial at the critical point we can have another stable vacuum

which is not locally AdS3 for any value of the mass parameter. And we can also relax

the boundary conditions to have more interesting physics in this theory like it was done

in [26, 35, 38, 39].
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